We give a lower bound for the second smallest eigenvalue of Laplacian matrices in terms of the isoperimetric number of weighted graphs. This is used to obtain an upper bound for the real parts of the nonmaximal eigenvalues of irreducible nonnegative matrices.
Introduction
The matrices in this paper are real and square. The eigenvalues of a matrix A will be ordered by
Re λ 1 (A) Re λ 2 (A) · · · Re λ n (A).
Given n real numbers x 1 , . . . , x n ,x will denote max i {x i } and x will denote min i {x i }.
Let C be an n × n symmetric nonnegative irreducible matrix and let G be the graph of C, i.e.,
V (G)={1, 2, . . . , n}, (i, j ) ∈ E(G) iff i /
= j and c ij > 0.
The numbers c ij can be considered as weights on the edges of G. So (G, C) is a weighted graph. Let δ i be the ith row sum of C, i = 1, . . . , n, and let L C (G) = diag{δ 1 , . . . , δ n } − C be the Laplacian matrix of (G, C) [9] . Let i c (G) = min( i∈X, j / ∈X c ij /|X|), where the minimum is taken over all nonempty subsets X of V (G) satisfying |X| 1 2 n. We shall refer to i c (G) as the isoperimetric number of the weighted graph (G, C). For C being a (0, 1) matrix, it is the isoperimetric number of G, i(G) = min 0<|X| n/2 |∂X|/|X|, where the edge boundary ∂X of X consists of all edges with exactly one edge point in X, e.g., [10, 11] . This isoperimetric number is a discrete analogue of the Cheeger isoperimetric constant measuring the minimal possible ratio between the length (area) of a subset X of a Riemannian manifold M and the area (volume) of the smaller piece obtained by cutting M along X (see [1, 4, 11] and the references therein). The Laplacian matrix L c (G) is a singular irreducible matrix (e.g. [9] ). So
In Section 2, we use i c (G) to obtain a lower bound for λ 2 (L c (G) ). This, in turn, will be applied to obtain, in Section 3, an upper bound for the real parts of the nonmaximal eigenvalues of irreducible nonnegative matrices. 
The main result of the paper is as follows:
Theorem 2.2. Let (G, C) be a weighted connected graph (i.e., C is irreducible) with n vertices. Let
Proof. By Lemma 2.1, there exists a nonempty subset U of V (G) such that |U | n/2 and
is an M-matrix; so it has a nonnegative eigenvector x corresponding to λ 1 ( [U ]) (e.g. [2] ):
Multiplying by
Define an n-dimensional vector f and a number σ by
Then for k 1,
By the definition of the isoperimetric number i c (G),
By the Cauchy-Schwartz inequality,
By (2.4),
Combining (2.6) and (2.7), we obtain
Thus,
By (2.3),
and this inequality implies (2.2).
For simple graphs, (2.2) reduces to a result of [11] .
Corollary 2.3. Let G be a simple connected graph with n vertices. Then
Proof. The proof follows from Theorem 2.2, by choosing C as a (0, 1)-matrix and
Corollary 2.4 [11] . Let G be a simple connected graph with n 4 vertices. Then
Hence, (2.9) holds. It also holds for G = K n , n 4, since in this case λ 2 (L(G)) = n and i(G) = n/2 by [9, 11] .
Upper bound for the real parts of the nonmaximal eigenvalues of nonnegative irreducible matrices
For an n × n nonnegative matrix A and for positive vectors x and y in R n define
where the minimum is taken over all nonempty subsets U of {1, 2, . . . , n} with |U | n/2. If y = x, we denote ε(A, x, x) by ε(A, x).
Lemma 3.1. Let A be an n × n irreducible symmetric nonnegative matrix and let u be a positive eigenvector of A, corresponding to the spectral radius, ρ(A). Then
Proof. Let G = G(A) and let C = UAU, where
So, by Theorem 2.2,
Corollary 3.2. Let G be a simple connected regular graph with degree K on n vertices and let A be its adjacency matrix. Then
Proof. Since G is regular, ρ(A) = K and Ae = ρ(A)e, where e is a vector of ones. The claim follows from Lemma 3.1 and from the fact that ε(A, e) = i(G). 
Proof. Let Proof. The proof follows from Theorem 3.3, since for doubly stochastic matrices u = v = e and ε(A, e) = µ(A).
